Abstract. Let E be an elliptic curve over Q and let p ≥ 5 be a prime of good supersingular reduction for E. Let K be an imaginary quadratic field satisfying a modified "Heegner hypothesis" in which p splits, write K∞ for the anticyclotomic Zp-extension of K and let Λ denote the Iwasawa algebra of K∞/K. By extending to the supersingular case the Λ-adic Kolyvagin method originally developed by Bertolini in the ordinary setting, we prove that Kobayashi's plus/minus p-primary Selmer groups of E over K∞ have corank 1 over Λ. As an application, when all the primes dividing the conductor of E split in K, we combine our main theorem with results of Ç iperiani and of Iovita-Pollack and obtain a "big O" formula for the Zp-corank of the p-primary Selmer groups of E over the finite layers of K∞/K that represents the supersingular counterpart of a well-known result for ordinary primes.
Introduction
Let E be an elliptic curve over Q of conductor N > 3. By modularity, E is associated with a normalized newform f = f E of weight 2 for Γ 0 (N ), whose q-expansion will be denoted by f (q) = n≥1 a n q n , a n ∈ Z.
Let K be an imaginary quadratic field in which all primes dividing N split (i.e., K satisfies the so-called "Heegner hypothesis" relative to N ) and let p ≥ 5 be a prime of good reduction for E that is unramified in K. Write K ∞ /K for the anticyclotomic Z p -extension of K, set G ∞ := Gal(K ∞ /K) ≃ Z p and define Λ := Z p [[G ∞ ]] to be the Iwasawa algebra of G ∞ . Under some technical assumptions, Bertolini showed in [2] that if the reduction of E at p is ordinary then the Pontryagin dual of the p-primary Selmer group of E over K ∞ has rank 1 over Λ and is generated by Heegner points. In this paper we prove similar results for Pontryagin duals of restricted (plus/minus) Selmer groupsà la Kobayashi in the supersingular case. Set G Q := Gal(Q/Q) and let
denote the Galois representation on the p-adic Tate module T p (E) ≃ Z 2 p of E. Assume that E has no complex multiplication and fix once and for all a prime number p for which the following conditions hold. Assumption 1.1.
(1) p ≥ 5 is a prime of good supersingular reduction for E; (2) ρ E,p is surjective.
Thanks to Elkies's result on the infinitude of supersingular primes for elliptic curves over Q ( [12] ) and Serre' s "open image" theorem ( [27] ), we know that Assumption 1.1 is satisfied by infinitely many p.
Suppose now that N can be written as N = M D where D ≥ 1 is a square-free product of an even number of primes and (M, D) = 1. Let K be an imaginary quadratic field, with ring of integers O K , such that Assumption 1.2.
(1) the primes dividing pM split in K; (2) the primes dividing D are inert in K.
In particular, Assumption 1.2 says that K satisfies a modified Heegner hypothesis relative to N . In many of the arguments below, one only uses the fact that E has no p-torsion over K ∞ , which, by [16, Lemma 2.1] , is true even without condition (2) in Assumption 1.1 provided that p splits in K. However, in order to get better control on the field obtained by adding to the m-th layer K m of K ∞ /K the coordinates of the p m -torsion points of E we will make use of this assumption. More generally, we expect that condition (2) in Assumption 1.1 can be somewhat relaxed, for example by just requiring that ρ E,p has non-solvable image (as done, e.g., in [7] and [8] ).
The last assumption we need to impose, which holds when p does not divide the class number of K, is Assumption 1.3. The two primes of K above p are totally ramified in K ∞ . This is a natural condition to require when working in the supersingular setting (cf., e.g., [ 11, Assumptions 1.7, (2)], [16, Hypothesis (S) ], [26, Theorem 1.2, (2)]); for example, it will allow us to apply the results of [16] .
When D = 1, the results obtained by Ç iperiani in [7] tell us that • the p-primary Shafarevich-Tate group X p ∞ (E/K ∞ ) is a cotorsion Λ-module;
• the Λ-coranks of the p-primary Selmer group Sel p ∞ (E/K ∞ ) and of E(K ∞ ) ⊗ Q p /Z p are both 2. Under Assumptions 1.1-1.3, the present article offers an alternative approach to the study of anticyclotomic Selmer groups of elliptic curves at supersingular primes. More precisely, following Kobayashi ([17] ) and ), we introduce restricted (plus/minus) Selmer groups Sel ± p ∞ (E/K ∞ ), whose Pontryagin duals X ± ∞ turn out to be finitely generated Λ-modules.
Our main result, which corresponds to Theorem 5.1, is Theorem 1.4. Each of the two Λ-modules X ± ∞ has rank 1. This can be viewed as the counterpart in the supersingular case of [2, Theorem A]; as such, it provides yet another confirmation of the philosophy according to which Kobayashi's restricted Selmer groups are the "right" objects to consider in the non-ordinary setting.
Our strategy for proving Theorem 1.4 is inspired by the work of Bertolini in [2] and goes as follows. First of all, we construct Λ-submodules E ± ∞ of the restricted Selmer groups Sel ± p ∞ (E/K ∞ ) out of suitable sequences of plus/minus Heegner points on E. On the other hand, results of Cornut ( [9] ) and of ) on the non-triviality of Heegner points as one ascends K ∞ imply that the Pontryagin dual H ± ∞ of E ± ∞ has rank 1 over Λ. Finally, a Λ-adic Euler system argument, to which the largest portion of our paper is devoted, allows us to prove that there is a natural surjective homomorphism of Λ-modules
whose kernel turns out to be torsion, and Theorem 1.4 follows.
It is worth remarking that the main difference between the ordinary and the supersingular settings is that, in the latter situation, Heegner points over K ∞ are not naturally tracecompatible. In particular, there is no direct analogue of the Λ-module of Heegner points considered in [2] and [25] . In this paper we explain how to define subsequences of plus/minus 2.2. Iwasawa algebras and cyclotomic polynomials. With notation as before, define
Here the inverse limit is taken with respect to the maps induced by the natural projections 
We also define Λ
. On the other hand, if m is odd thenω 
For every integer
be the Iwasawa algebra of D ∞ with coefficients in Z p . Recall that for every m ≥ 1 there is a canonical isomorphism
With this in mind, write Λ (±) for the ring Λ viewed as a module overΛ via the action of Gal(K/Q) given by γ τ = ±γ −1 for all γ ∈ G ∞ , so that Λ (+) corresponds to the linear extension of the natural action of Gal(K/Q) on G ∞ described above. Analogously, write Λ (±) m for theΛ m -module Λ m on which Gal(K/Q) acts as γ τ := ±γ −1 for all γ ∈ G m . One also equips Λ ± m with a similar structure ofΛ m -module by defining as above (Λ ± m ) (ǫ) to be thẽ Λ m -module Λ ± m with τ action by γ τ := ±γ −1 . We also consider the mod p m reductions of the above rings given by
In particular, Λ = lim ← −m R m . Similarly, we define Zp denotes continuous homomorphisms of Z p -modules and Q p /Z p is equipped with the quotient, i.e., discrete, topology).
Plus/Minus Selmer groups and control theorem
In this section we define the Selmer groups that we are interested in and state a control theorem for them.
3.1. Classical Selmer groups. For every integer m ≥ 0 let Sel p ∞ (E/K m ) denote the pprimary Selmer group of E over K m (see, e.g., [13, Ch. 2] ). Moreover, let
be the usual Kummer map and, for any prime λ of K m , with a slight abuse of notation write
for the composition of the restriction map with the inverse of the local Kummer map
Similarly, for all n ≥ 0 there is a Kummer map
where
More generally, given a prime number ℓ, we set K m,ℓ := K m ⊗ Q Q ℓ = λ|ℓ K m,λ and let
be the direct sum of the local restrictions res m,λ and
be the direct sum of the maps in (2) , where
and λ rages over the primes of K m above ℓ. In the rest of the paper, we adopt a similar notation for other, closely related groups as well (e.g., with obvious definitions, we write res m,ℓ for the restriction map on
Proof. Since, by part (1) In the next lemma we record some useful facts about Selmer groups.
Lemma 3.2.
(1) For all m ≥ 0 there is an injection
induced by the restriction map and the inclusion
(3) For all m, n ≥ 0 there is an isomorphism
Proof. All three statements follow easily from Lemma 3.1 (see, e.g., [2, §2.3, Lemma 1]).
For all m, n ≥ 0 there is a commutative square
in which the right vertical injection is induced by the isomorphism in part (3) of Lemma 3.2.
Define the discrete Λ-module
the direct limit being taken with respect to the restriction maps in cohomology, which are injective by part (2) 
Definition 3.3. The plus/minus p-primary Selmer groups of E over K m are
where res m,p is the composition of the restrictions at p andp with the quotient projections.
In an analogous manner, replacing Sel p ∞ (E/K m ) with Sel p n (E/K m ) and Q p /Z p with Z/p n Z, one can define Sel
Remark 3.4. In [16] , the groups Sel ± p ∞ (E/K m ) are defined in terms of the formal groupÊ of E. More precisely, if m andm denote the maximal ideals of the rings of integers of K m,p and K m,p , respectively, Iovita and Pollack introduce subgroupsÊ ± (m) ⊂Ê(m) and E ± (m) ⊂Ê(m) as in (6) . Then they use these subgroups to define Sel 
Analogous considerations apply toÊ(m) andÊ ± (m), and the desired equivalence follows.
Now form the two discrete Λ-modules
the direct limits being taken with respect to the restriction maps in cohomology. Note that, thanks to part (2) of Lemma 3.2, these restrictions are injective. Furthermore, the fact that the groups Sel ± p ∞ (E/K m ) do indeed form a direct system follows directly from Definition 3.3 and the compatibility properties of the restriction maps involved.
3.3. Control theorem. The next result provides a substitute for Mazur's original "control theorem" ( [20] ) and extends [17, Theorem 9 .3] to our anticyclotomic setting.
Theorem 3.5 (Iovita-Pollack). For every integer m ≥ 0 the restriction
res K∞/Km : Sel
is injective and has finite cokernel bounded independently of m.
Proof. Keeping Remark 3.4 in mind, this is [16, Theorem 6.8] .
Note that, by definition, Sel
, equipped with its canonical structure of compact Λ-module. Moreover, for every integer m ≥ 0 write
m has a natural Λ m -module structure. By duality, the map in (7) gives a surjection (8) res
whose finite kernel can be bounded independently of m.
Proposition 3.6. The Λ-module X ± ∞ is finitely generated.
Proof. Since ω ± m is topologically nilpotent and X ± m is finitely generated as a Z p -module, the claim follows from (8) and [1, Corollary, p. 226 ].
There are canonical commutative squares
where i m is the natural inclusion (here observe that ω ± m | ω ± m+1 ) and
where, as before, the symbol φ ∨ denotes the Pontryagin dual of a given map φ.
Iwasawa modules of plus/minus Heegner points
In order to relax, as in Assumption 1.2, the Heegner hypothesis imposed in [2] and [7] , we need to consider Heegner points on Shimura curves attached to division quaternion algebras over Q. These points will then be mapped to the elliptic curve E via a suitable modular parametrization.
4.1. Shimura curves and modularity. Let B denote the (indefinite) quaternion algebra over Q of discriminant D and fix an isomorphism of R-algebras 
, by complex multiplication, is rational over the ring class field H c of K of conductor c. In the rest of the paper, c will vary in the powers of the prime p.
In the general quaternionic case, a convenient way to introduce Heegner points x c ∈ X D 0 (M )(H c ) is to exploit the theory of (oriented) optimal embeddings of quadratic orders into Eichler orders. We shall not give precise definitions here, but rather refer to [5, Section 2] for details. From now on we fix a compatible system of Heegner points
Recall the morphism π E introduced in (9) and for every integer m ≥ 0 set
In order to define Heegner points over K ∞ , we take Galois traces. Namely, for all m ≥ 1 set
In light of this, for all m ≥ 0 define
By the formulas in [25, §3.1, Proposition 1] and [5, §2.5], the following relations hold:
4.3. Plus/minus Heegner points and trace relations. Starting from the Heegner points that we considered in §4.2, we define plus/minus Heegner points z ± m as follows. Set z ± 0 := z 0 and for every m ≥ 1 define
As a consequence of formulas (11), the points z ± m ∈ E(K m ) satisfy the following relations:
Finally, with κ m,m as in (3) and κ m as in (1), for all m ≥ 0 set
be the composition of cores K m+1 /Km with the multiplication-by-p map. Moreover, write
for the natural map induced by tr K m+1 /Km . The resulting square
is commutative. The following result collects the properties enjoyed by the classes α ± m under corestriction. Proposition 4.1. The following formulas hold:
Of course, analogous formulas, with cores Km/K m−1 in place ofρ m−1 , hold for β ± m . Proof. Straightforward from the corresponding formulas for the points z ± m listed above and square (12) . Now we can prove Proposition 4.2.
(1) The class α ± m belongs to Sel
Proof. Fix an integer m ≥ 0, let λ denote either p orp, set L := K m,λ and put α
On the other hand, the fact that ω ± m α ± m = 0 follows from a global version of the local computations in the proof of [16, Proposition 4.11] (which is possible because the points z ± m , as well as the trace relations they satisfy, are global). This proves (1), and (2) can be shown in the same way.
Direct limits of plus/minus Heegner modules. In light of Proposition 4.2, for all
m as a submodule of the whole restricted Selmer group Sel
Note that, by the commutativity of (5), the injection Sel
For the proof of the next result, recall the injection
of part (1) of Lemma 3.2. If F ′ /F is a Galois extension of number fields and M is a continuous
is the Galois trace map (see, e.g., [24, Corollary 1.5.7]). We immediately obtain
for all m ≥ 0. For all m ≥ 0 and n ≥ 1 consider the canonical map
and, finally, denote by
the obvious map. 
for all m ≥ 0.
Proof. Fix an m ≥ 0. We treat only the case of sign +, the other being analogous. By part (2) of Lemma 3.2, ρ m is injective at the level of Selmer groups, so it suffices to show that
, and the commutativity of the square
. By definition of the Galois action on our cohomology groups, it follows that ρ m (E + m ) ⊂ E + m+1 . Now suppose that m is odd. By part (a) of Proposition 4.1,
Applying (13) and using the fact that, by Proposition 4.2, the action of
. Thanks to Proposition 4.3, we can form the discrete Λ-module
where the direct limits are taken with respect to the maps ρ ± m of Proposition 4.3. Moreover, the commutativity of the squares
in which the horizontal injections are induced by the isomorphisms in part (3) of Lemma 3.2, shows that E ± ∞ can be naturally viewed as a Λ-submodule of Sel
We shall see below (Proposition 4.7) that both H + ∞ and H − ∞ are finitely generated, torsion-free Λ-modules of rank 1. We begin with some lemmas. 
On the other hand, by Lemma 3.1, the torsion group E p n (K m 0 ) is trivial, so we conclude that z + m 0 is p m 0 +n -divisible in E(K m 0 ). But the Mordell-Weil group E(K m 0 ) is finitely generated and z + m 0 is non-torsion, hence z + m 0 is p t -divisible in E(K m 0 ) only for finitely many t ∈ N. The lemma follows. Proof. By Proposition 4.3, the maps ρ ± m with respect to which the direct limits E ± ∞ are taken are injective, hence E ± m injects into E ± ∞ for all m ≥ 0. The lemma follows from Lemma 4.5. Now we can prove Proposition 4.7. The Λ-modules H ± ∞ are finitely generated, torsion-free and of rank
Since Λ is a noetherian domain, this shows that H ± ∞ are finitely generated, torsion-free Λ-modules of rank equal to 0 or to 1. Now the structure theorem for finitely generated Λ-modules implies that if rank Λ (H ± ∞ ) = 0 then H ± ∞ = 0, hence E ± ∞ = (H ± ∞ ) ∨ = 0. This contradicts Lemma 4.6, so we conclude that rank Λ (H ± ∞ ) = 1.
Λ-adic Euler systems
The goal of this section is to prove Theorem 1.4; we restate it below.
Theorem 5.1. Each of the two Λ-modules X ± ∞ has rank 1. In other words, we show that
. Proving Theorem 5.1 is thus equivalent to showing that the Λ-module ker(π ± ) is torsion. Equivalently, if τ denotes the generator of Gal(K/Q) then we need to show that all elements of ker(π ± ) lying in an eigenspace for τ are Λ-torsion.
Choose an element x ∈ X ± ∞ such that τ x = ǫx for some ǫ ∈ {±} and x is not Λ-torsion: this can be done because the Λ-module H ± ∞ has rank 1 by Proposition 4.7 and the map π ± is surjective. As is explained in [2, p. 170], to prove Theorem 5.1 it is enough to show that every y ∈ ker(π ± ) −ǫ is Λ-torsion. To do this, in the next subsections we will adapt the Λ-adic Euler system argument of [2] .
Kolyvagin primes. Denote by
the Galois representation on E p m and let K(E p m ) be the composite of K and the field cut out by ρ m ; in other words, K(E p m ) is the composite of K andQ ker(ρm) . In particular, K(E p m ) is Galois over Q.
In particular, Kolyvagin primes are inert in K and hence split completely in K m for all m ≥ 1. Let ℓ be a Kolyvagin prime for p m . Define theR m -modules
where the superscript ± on the right denotes the submodule on which complex conjugation acts as ±.
Lemma 5.3. Let ℓ be a Kolyvagin prime for p m .
(
Proof. Part (1) 5.2. Action of complex conjugation. In this subsection we study the action of Gal(K/Q) on Selmer groups. These results will be used in §5.5 to show the existence of suitable families of Kolyvagin primes.
The canonical action of τ on X ± ∞ makes it into aΛ-module. Recall the element x ∈ X ± ∞ chosen at the beginning of this section such that π ± (x) = 0 and τ (x) = ǫx for some ǫ ∈ {±}. Now pick an element y ∈ ker(π ± ) −ǫ and consider the surjection ofΛ-modules
Since H ± ∞ is torsion-free by Proposition 4.7, ker(π ± ) ∩ Λx = {0}, hence Λx ∩ Λy = {0}. Therefore the canonical map ofΛ-modules Λx ⊕ Λy → X ± ∞ given by the sum is injective. Composing the last two maps, we get a map ofΛ-modules
that sends (α, β) to αx + βy.
By Lemma 3.2, there is a canonical injection (15) Sel
One may then consider the surjection of compact Λ-modules
, where the first arrow is the canonical projection, the second is (8) and the third is obtained from (15) by Pontryagin duality.
Let us define the following R ± m -submodules of
The submodule Z ± m being closed in Z ± m /ω ± m Z ± m , Pontryagin duality yields a natural injection
We obtain a chain of maps ofΛ-modules
in which the surjection is induced by p m • ϑ and the injection is given by the sum of the components. By construction, the composition in (17) factors through the surjection
for the resulting map ofR ± m -modules; ifx andȳ denote the images of x and y in ( 
In order to show that Ψ is surjective we need to check thatω ∓ m ϕ x factors through R ± m . But this is clear:
Taking the Gal(K/Q)-action into account, Lemma 5.4 yields isomorphisms (R
Composing these isomorphisms, we get an isomorphism ofR ± m -modules
Composing the Pontryagin dual (ϑ ± m ) ∨ of ϑ ± m with i ± m , we get a map ofR ± m -modules that we still denote by (19) (ϑ
Then there is a splitting
Gm is isomorphic to Z/p m ±,(±ǫ) Z for a suitable integer 0 ≤ m ±,(±ǫ) ≤ m (of course, nothing prevents Σ ±,(±ǫ) m Gm from being trivial).
5.3.
Compatibility of the maps. In order to ensure compatibility of the various maps appearing in the previous subsection as m varies, in the sequel it will be useful to make a convenient choice of the isomorphism i
Proposition 5.5. One can choose the isomorphisms i
Proof. Here we consider only the case of sign +, the other case being similar. Since the statement is independent of the Gal(K/Q)-action (all maps are equivariant for this action), we ignore it. For each m ≥ 1 fix a generator θ + m of ψ + m (E + m ) and use the shorthand "cores" for the corestriction map cores K m+1 /Km . First suppose that m is odd. In this caseω − m =ω − m+1
and cores(α
There is a commutative diagram 
that again shows the compatibility between θ + m+1 and θ + m . The result follows.
From now on, fix the isomorphisms i ±,(ǫ) m as in Proposition 5.5, so that θ ± ∞ ∈ Λ. In the following, we will implicitly identify (R ± m ) (ǫ) and its Pontryagin dual by means of the above maps. We will also identify (R ± m ) (−ǫ) with its Pontryagin dual, but we will not need to specify a convenient isomorphism in this case.
Galois extensions.
We introduce several Galois extensions attached to the modules defined in §5.2; in doing this, we follow [2, §1.3] closely. We start with a discussion of a general nature.
For any Z/p m Z-submodule S ⊂ Sel p m (E/K m ) we define the extension M S of K m (E p m ) cut out by S as follows. Set
With a slight abuse, we shall often view G m as a subgroup of GL 2 (Z/p m Z), according to convenience. By [2, §1.3, Lemma 2], whose proof does not use the ordinariness of E at p assumed in loc. cit., there is an isomorphism
By [2, §1.3, Lemma 1], whose proof works in our case too, restriction gives an injection
ab is the maximal abelian extension of K m (E p m ). It follows that there is an identification 
is a G m -isomorphism and (21) induces an isomorphism
and, conversely, for every subgroupS of S/S ′ there is a subextension
In this case, we say that M S /M S ′ is the extension associated with the quotient S/S ′ . Now we apply these constructions to the setting of §5.2. To simplify the notation, put
Let M ± m denote the field cut out by the subgroup Sel
. By construction, there are canonical surjections
the inverse limit being taken with respect to the maps in (25) . By (22) , for every m ≥ 0 there is an isomorphism
here (26) is a consequence of (24) . Moreover, write L
Furthermore, ifL ± m :=L
where the second isomorphism follows by taking G m -invariants in (20) . Since, by Lemma 3.2, Sel
To introduce the last field extensions we need, we dualize the exact sequence
gives a short exact sequence
Finally, with maps ϑ ± and p ± m defined as in (14) and (16), write U ± m for theR ± m -submodule of Sel ± m such that there is an indentification (29) I
Namely, consider the short exact sequence WriteM ± m for the field cut out by
that induces a surjection I ± m ։ im(ϑ ± m ) and then, by duality, an injection im(ϑ ± m ) ∨ ֒→ (I ± m ) ∨ . From this we obtain a commutative diagram with exact rows
m and that the second intersection corresponds to the subgroup
and then the inclusionM
It follows that for every m ≥ 0 there is a commutative square of surjective maps
where the horizontal arrows are given by (33) and the right vertical arrow is given by (27) . One easily checks the surjectivity of the left vertical map and the commutativity of (34).
5.5. Families of Kolyvagin primes. The purpose of this subsection is to show that one can manufacture a Galois-compatible sequence (ℓ ± m ) m≥1 of Kolyvagin primes. More precisely, our goal is to prove Proposition 5.6. There is a sequence ℓ ± ∞ = (ℓ ± m ) m≥1 of Kolyvagin primes for p m satisfying the following conditions:
Proof. Notation being as in §5.2 and §5.4, for each choice of sign ± pick h
. To see the existence of an element with this property, observe that if h 
and choose the sequence (h ± m ) m≥1 so that the image of h ± m+1 via surjection (27) is h ± m . Using diagram (34), select also a compatible sequence of elements
m is a Kolyvagin prime and the required compatibility conditions are fulfilled by construction, so (1) is satisfied. To check (2), we must show that the restriction is injective. For this, fix a prime
; namely, one has
Gm . The choice of l ± m determines a primeλ ± m of K m above ℓ ± m , and the completion of K m atλ ± m is isomorphic to the completion K λ Gm is sent to 0, via (36), in the direct summand
corresponding toλ ± m . Up to multiplying s by a suitable power of p, we may assume that s is p-torsion. Now R ± m s is a non-trivial Z/pZvector space on which the p-group G m acts. By [28, Proposition 26] , the submodule (R ± m s) Gm is non-trivial, and this contradicts the injectivity of (36). Summing up, we have proved that all choices of a sequence ℓ ± ∞ = (ℓ ± m ) m≥1 satisfying (35) enjoy properties (1) and (2) 
that gives rise to a τ -antiequivariant isomorphism
If F is a number field and v is a finite place of F then we also denote ·, · Fv by ·, · F,v . Now let ℓ be a Kolyvagin prime for p m and write δ m,λ as a shorthand for δ Km,λ , where λ is a prime of K m dividing ℓ. Taking the direct sum of the maps δ m,λ over all the primes λ | ℓ, we get a τ -antiequivariant isomorphism
Composing δ m,ℓ with the dual of the restriction res m,ℓ defined in (4) and the dual of the inclusion Sel
∞ be a sequence of Kolyvagin primes as in Proposition 5.6. (2) of Proposition 5.6, we get a surjection
, which proves part (1).
As for part (2), let us define the map
in which the left vertical surjection is a consequence of part (2) In the rest of the paper, let ℓ ± ∞ = (ℓ ± m ) m≥1 denote a sequence of Kolyvagin primes as in Proposition 5.6. It follows from part (2) of Proposition 5.7 that we can define the Λ-module
Proposition 5.8. There is a surjection
Taking the inverse limit of the maps in part (1) of Proposition 5.7 gives a surjection 5.8. Global duality. In this subsection we use Kolyvagin classes, combined with global reciprocity laws, to bound the rank of the Λ-module V ± (ℓ ± ∞ ) that was introduced in §5.6 and surjects onto Λx ⊕ Λy.
Fix a sequence of Kolyvagin primes ℓ ± ∞ = (ℓ ± m ) m≥1 as in §5.6. For every m ≥ 1 define
From now on, in order to ease the notation write • res ℓ
The morphism in (38) defining V ± (ℓ ± µ(m) ) factors as
The decomposition in part (2) of Lemma 5.3 induces a decomposition
Now we collect two lemmas that will be used in the proof of Proposition 5.13 below. First of all, recall the map ψ
(ǫ) of Proposition 5.5.
Proof. We know from the discussion in §5.
of (41) gives a commutative
in which we have set µ := µ(m) and the right and left isomorphisms in the top row are a consequence of parts (1) and (2) We are now ready to prove the main result of this subsection.
Proposition 5.13. The rank of V ± (ℓ ± ∞ ) over Λ is at most 1. Proof. We prove the proposition for sign +, the other case being similar. For every m ≥ 1 consider the Kolyvagin class d Recall from the beginning of Section 5 that our goal is to show that the element y ∈ ker(π ± ) is Λ-torsion. But this is immediate: the Λ-module Λx is free of rank 1 because x is not Λ-torsion, hence combining Propositions 5.8 and 5.13 shows that Λy is Λ-torsion, which concludes the proof.
We remark that the arguments described above give also a proof of Corollary 5.14. The Λ-module V ± (ℓ ± ∞ ) has rank 1.
Applications to Selmer and Mordell-Weil groups
As an application of Theorem 5.1, in this final section we prove results on the growth of Selmer and Mordell-Weil groups along the finite layers of K ∞ /K. 6.1. Growth of Z p -coranks of Selmer groups. In this and the next subsection it will be convenient to use the "big O" notation: given two functions f, g : N → C, we write f (m) = g(m) + O(1) if |f (m) − g(m)| is bounded by a constant that does not depend on m. 
